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We consider the 1s Lamb shift in hydrogen and helium ions, a quantity, required for an accurate 
determination of the Rydberg constant and the proton charge radius by means of hydrogen spectroscopy, 
as well as for precision tests of the bound-state QED. The dominant QED contribution to the uncertainty 
originates from α8m external-ﬁeld contributions (i.e., the contributions at the non-recoil limit). We 
discuss the two- and three-loop cases and in particular, we revisit calculations of the coeﬃcients 
B61, B60, C50 in standard notation.
We have found a missing logarithmic contribution of order α2(Zα)6m. We have also obtained leading 
pure self-energy logarithmic contributions of order α2(Zα)8m and α2(Zα)9m and estimated the 
subleading terms of order α2(Zα)7m, α2(Zα)8m, and α2(Zα)9m. The determination of those higher-
order contributions enabled us to improve the overall accuracy of the evaluation of the two-loop 
self-energy of the electron.
We investigated the asymptotic behavior of the integrand related to the next-to-leading three-loop term 
(order α3(Zα)5m, coeﬃcient C50 in standard notation) and applied it to approximate integration over the 
loop momentum. Our result for contributions to the 1s Lamb shift for the total three loop next-to-leading 
term is (−3.3 ± 10.5)(α3/π3)(Zα)5m.
Altogether, we have completed the evaluation of the logarithmic contributions to the 1s Lamb shift of 
order α8m and reduced the overall α8m uncertainty by approximately a factor of three for H, D, and He+
as compared with the most recent CODATA compilation.
© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Already for a few years, there exists a discrepancy in the de-
termination of the proton charge radius by means of the spec-
troscopy of ordinary and muonic hydrogen (see, e.g., [1,2]), com-
monly known as the proton radius puzzle. There are different con-
tributions to the uncertainty of the determination of the proton 
radius by those methods. The largest uncertainty originates from 
the hydrogen spectroscopy and a serious experimental activity in 
this direction is in progress (see, e.g., [3–5]). The second largest un-
certainty comes from the Quantum electrodynamics (QED) theory 
of the 1s Lamb shift in hydrogen [2]. There are a few theoreti-
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SCOAP3.cal problems which require clariﬁcation. They relate to two-loop 
and three-loop radiative corrections. Some higher-order contribu-
tions have not been cross-checked, and some not studied at all. 
In particular, the two-loop contributions of order α2(Zα)5m [6,7]
are well established, while at the next order in Zα the contribu-
tions for the virtual light-by-light scattering have not been studied 
properly (see, e.g., a discussion on a previously missed term in [8]). 
Meanwhile, the results for the pure self-energy contribution of or-
der α2(Zα)6m [9,10] are to some extent controversial (see, e.g., 
[2]). One more challenge is related to the next-to-leading order 
three-loop contribution (order α3(Zα)5m); the existing estimation 
[2] does not have a solid ground.
Besides the proton radius puzzle, an improvement of the the-
oretical prediction of the 1s Lamb shift is essential for the de- under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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bound-state QED, constraints on light neutral particles, such as a 
dark photon from physics of simple atoms (see, e.g., [11]), and 
interpretation of the currently ongoing 1s − 2s He+ experiments 
[12,13].
The Lamb shift of the atomic energy levels is a QED effect, 
that can be experimentally studied in light hydrogen-like atoms 
with high accuracy (cf. [14]). The theoretical prediction of this 
phenomenon involves the values of the input parameters, such as 
the Rydberg constant and the proton charge radius, that limit the 
accuracy of the calculations. A separate input to the uncertainty 
originates in the computation of various high-order QED effects. 
The dominant contributions to the QED error budget come from 
the radiative corrections in the external-ﬁeld approximation. We 
follow the standard convention and parametrize these corrections 
as (see, e.g., [2,15])










F (3) + . . .
)
, (1)
where F (i) = F (i)ns (Zα) corresponds to the i-loop radiative inser-
tions and the relevant contributions are at the one-, two-, and 
three-loop level. The four-loop contributions are neglected in (1). 
The uncertainty due to the unknown leading four-loop term, which 
is expected at the level of a few units of α4/π4(Zα)4m, is es-
sentially below the uncertainty of the higher-order two-loop and 
three-loop terms. The latter are at the level of ten units of 
α2/π2(Zα)6m and α3/π3(Zα)5m, respectively (see below).
Theory of the one-loop contributions is ﬁrmly established (see 
[2,15] for details). The largest and most important contribution, 
related to the electron self-energy, has been calculated directly for 
Z = 1, 2 [16], i.e., for H and He+ . We consider below the two-loop 
and three-loop radiative corrections.
The functions F (i) can be expanded at low Zα and at two and 
three loops, the results read
















Here, we focus on the 1s state and the F (i) coeﬃcients are always 
meant to be related to the aforementioned, 1s state.
It is not clear a priori which logarithmic terms are present in 
(2) and (3). Sometimes a special study is required. For example, 
it was believed [2] until recently that C63 = 0, while the presence 
of B72 = 0 was rather disputable. Both issues have been recently 
resolved in [17] and we discuss it also below.
A number of the two-loop (B ...) and three-loop (C...) coeﬃ-
cients have been known with a suﬃcient accuracy. These include 
B40, B50, B63, B62, B61, and C40. Estimations with a credible un-
certainty have also been available for B60, C50, and C63. A concise 
summary concerning all these coeﬃcients can be found in [2]. 
Some of the corrections have been revisited since publication of 
[2]. These include, e.g., B61 [8] and B72, C63, and C62 [17].
In this letter, we reconsider B61 (order α2(Zα)6m ln(Zα)), B60
(the non-logarithmic α2(Zα)6m term), and C50 (α3(Zα)5m) and 
discuss them below in subsequent sections in detail. Our ﬁndings 
are summarized in Tables 1 and 2.
In the case of the two-loop corrections, rather than B60, we use 
G60(Zα) deﬁned as






Two-loop coeﬃcients and their contributions to the 1s Lamb shift in hydrogen. 






60 (Z = 1)
[2]: coeﬃcient 48.958590 −81.3(19.7)
Contribution, kHz 48.50 −8.2(2.0)
This work: coeﬃcient 49.788899 −94.5(6.6)
Contribution, kHz 49.32 −9.5(0.7)
Table 2
Three-loop coeﬃcients and their contributions to the 1s Lamb shift in hydrogen.





[2]: coeﬃcient ±30 ±1
[2]: contribution, kHz ±0.96 ±0.22
This work∗: coeﬃcient −3.3(10.5) 0 −0.36
This work∗: contribution, kHz −0.11(34) 0 −0.01
∗ We use here C63,62 from [17].
Fig. 1. Example diagrams for the LbL contributions: an ‘initial’ diagram (a) and two 
effective diagrams (b, c). The double horizontal line is for the Coulomb propagator. 
The effective diagrams are result of the hard integrations (with momenta com-
parable with m), which produce effective point-like vertices, while the remaining 
photons are soft (i.e. the momenta are much smaller than m).
i.e., it is equal to B60 with all the higher-order (in Zα) corrections 
included. G60(Zα) is more appropriate if one uses results of nu-
merical calculations.
2. Additional logarithmic two-loop contributions in order 
α2(Zα)6m
We begin with the two-loop logarithmic coeﬃcient B61. First 
calculated in [18,19], the result was applied in [2]. After original 
publication, the diagrams with the light-by-light (LbL) scattering 
block (see Fig. 1a) have been studied, and a correction to the pre-
vious result was found [8] due to the LbL diagrams overlooked in 
[18,19]. The LbL contributions are the most diﬃcult for the numer-
ical calculations. The analytic calculations have been available only 
for the order α2(Zα)5m [7] and absent for a while for the next 
order in Zα until the publication of [8]. Those diagrams receive 
a contribution from soft photons responsible for the appearance 
of a long-distance potential. After integrating out the hard modes 
(i.e. with momenta comparable with m), effective local operators 
appear, which give rise to the two-photon vertices shown in dia-
grams b and c in Fig. 1. The remaining photons are soft (i.e. their 
momenta are much smaller than m). There are two possible soft 
pairs of photons, those which connect the nucleus and the elec-
tron loop (see Fig. 1b) and those which connect the electron line 
and the electron loop (see Fig. 1c). The former case was covered 
by [8], while we consider the latter here.
The bottom part of the diagram in Fig. 1a, i.e., the electron loop 
in the Coulomb ﬁeld of the nucleus, is the known virtual Delbrück 
scattering amplitude (see, e.g., [20,21] and references therein). The 
upper part, i.e., the electron line and two soft photons connect-
ing the electron line and the electron loop, can be drastically 
simpliﬁed within the soft-photon kinematics, where the energy 
transfer (q0) is comparable with the momentum transfer (q) and 
434 S.G. Karshenboim et al. / Physics Letters B 795 (2019) 432–437Fig. 2. Example diagrams for the two-loop contributions to the Lamb shift: a pure 
self-energy one (a) and one with an electron loop in the free-loop approximation 
(b).
Zαm  |q0| ∼ |q| m. The integral over q0 simpliﬁes considerably 
within a kind of static-electron kinematics discussed in details in 
[22].
The resultant integral induces an effective potential that be-
haves as r−4 (cf. [23], see also [8]). In the 1s state, the expectation 
value of this potential diverges at the short end of the interval 
1/m  r  1/(Zαm). The manifestation of the divergence in the 
perturbation theory is a logarithmically enhanced correction to the 
hydrogen energy levels. On the technical side, the calculation is 
similar to that in [8] if we use the effective ﬁeld theory approach. 
To conﬁrm our result, we also considered diagrams with triple 
photon exchange and extracted the logarithmically divergent part; 
both methods gave the same correction to the B61 coeﬃcient. The 















Result (5) is over 2.5 times larger than that of the previous [partial] 
computation [8]. In standard notation (cf. [2]) it corresponds to the 
B61 coeﬃcient.
3. Two-loop contributions with closed electron loops in order 
α2(Zα)6m
While considering the non-logarithmic part of the α2(Zα)6m
correction, i.e., the coeﬃcient B60 and higher-order terms, one has 
to distinguish three groups of diagrams and treat them differently. 
One group originates from the ‘pure’ self-energy (SE) diagrams, i.e., 
the diagrams without any closed electron loops (see Fig. 2a). The 
remaining groups, on the other hand, include the closed electron 
loops. The second group contains the loops in the so-called free-
loop approximation, i.e., all appearing closed electron loops are due 
to the vacuum polarization (see Fig. 2b). The last group contains 
virtual LbL scattering subdiagrams (see, e.g., Fig. 1a). (In high-Z
atomic physics, those diagrams are referred to as the vacuum po-
larization in the presence of the Coulomb ﬁeld of a nucleus.)
The most accurately computed results exist for the free-loop ap-
proximation diagrams studied in [24]. The result reads
G free60 (Z = 1) = −15.0(4) ,
G free60 (Z = 2) = −13.9(1) . (6)
The contributions beyond the free-loop approximation at order 
α2(Zα)6m belong to two groups. One is due to radiative correc-
tions to the Wichmann-Kroll contribution. (The Wichmann-Kroll 
contribution by itself is of order α(Zα)6m.) We estimate it as
BrWK60 (ns) = 0.13± 0.13 . (7)
The estimation is based on a similarity of the behavior of a ra-
diative correction to the Wichmann-Kroll potential and the Källen-
Sabry potential in the so-called t channel.
The other group arises due to Coulomb corrections to the LbL 
contribution of order α2(Zα)5m. We have already considered their Table 3
Higher-order two-loop contributions to the 1s Lamb shift in hydrogen and the he-
lium ion. The free-loop approximation result is from [24]. The pure SE value as well 








Z = 1 −79.6(6.0) −15.0(4) 0.1(2.6) −94.5(6.6)
Z = 2 −83.3(5.2) −13.9(1) 0.1(2.6) −97.1(5.8)
logarithmic part above in (5). We estimate the non-logarithmic 
part as
BLbL60 = ±π BLbL61  ±2.6 . (8)
The B60 term beyond the free-loop approximation was previously 
estimated in [24]. However, it was based on incorrect assumptions 
about the logarithmic contributions for the diagrams beyond the 
free-loop approximation, and thus we do not take into considera-
tion those estimates. The quantitatively largest contribution in our 
consideration of the B60 term beyond the free-loop approximation 
comes as a ‘tail’ of the logarithmic B61 term. The summary of the 
individual contributions to G60(1s) is given in Table 3.
The estimate above is obtained by a suggestion that a natural 
magnitude of the constant accompanying a logarithm is π , which 
is inspired by the value of the imaginary part of the logarithm of 
a negative real number. In a term with several logarithms, we sub-
stitute each of them by π , which produces a combinatoric factor. 
Often the terms beyond the leading logarithmic term are estimated 
by 50% of its value. Using π and combinatoric factors, we estimate 
the subleading terms in the case of the leading single-logarithm as 
below 50%, but in the case of leading double- or triple-logarithmic 
term as above 50%. We think that it is more realistic than a naive 
50%-estimate for all the separate cases.
4. Pure self-energy two-loop contributions α2(Zα)6m
The situation concerning the pure SE part of B60 is more com-
plicated than that of the closed-electron-loop contributions. A par-
tial calculation exists, and it is accompanied by a plausible esti-
mate of the unknown part of the contribution [9],
Bpure SE60 = −61.6(9.2) . (9)
The large magnitude of the Bpure SE60 coeﬃcient is due to an en-
hancement of the low-momentum contribution, while the uncer-
tainty comes from the unknown high-momentum one. Suggesting 
that the missing high-momentum contribution is not enhanced, we 
arrive at the result of ±π3B63 for the missing contribution that co-
incides with the uncertainty in (9). Consequently, our estimation of 
the magnitude of the unknown terms in (8) is consistent with that 
in [9].
There exist essentially three approaches to calculation of the 
higher-order two-loop contributions. One suggests the use of an 
Zα expansion, in which case the accuracy is limited by (9) [9]. It 
is also necessary to know the higher-order logarithmic terms, such 
as [17]









The size of the logarithmic contribution is smaller than of the un-
certainty above, but not negligible.
The second approach uses exact in Zα numerical calculations at 
Z = 1, 2. In the case of two-loop contributions, that approach has 
been successfully applied for the contributions with closed elec-
tron loops in the free-loop approximation [24] (see above), but its 
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The leading higher-order pure SE two-loop logarithmic contributions. Note: the 
leading logarithmic terms of orders α2(Zα)6m [26] and α2(Zα)8m come only from 
the pure self-energy. In contrast to that, the leading logarithms of order α2(Zα)7m
[17] and α2(Zα)9m come both from the diagrams with and without closed electron 
loops. Here we present only their self-energy part.
Coeﬃcient B63 B72 B84 B93
Value −8/27 −6.19 −7/27 5/6 · B72  −5.162
Table 5
Estimated values of the coeﬃcients for two-loop pure SE subleading terms in order 
α2(Zα)7m and α2(Zα)8m.
Coeﬃcient B71 B70 B83 B82 B81 B80
Value −12(40) ±72 ±3.2 ±50 ±150 ±200
application to pure SE diagrams has proved challenging. Only the 
results at medium Z such as Z = 10, 12, 15, 17, 20, 25, 30 [10] are 
available. Those still can be extrapolated to Z = 0, 1, 2. (The third 
approach includes a ﬁt using the result of (10) as a data point at 
Z = 0 for GSE60(Z) from (4).)
Due to the low accuracy such an extrapolation is possi-
ble for F (2)(Zα), only because a number of the leading coef-
ﬁcients, such as (B40, B50, B63, B62, and B61) is known (see [2,
15] and references therein). In the meantime the ‘data area’ 
(Z = 10, 12, 15, 17, 20, 25, 30) is relatively far from the ‘target area’ 
(Z = 0, 1, 2) and it contains relatively few data points. The loga-
rithmic terms go through a bigger change on their way from the 
data area to the target area than within the data area. Accord-
ingly, from the point of view of a phenomenological ﬁt, we have 
to consider nearly coinciding ﬁts with different extrapolation ex-
pectations. Since we need not only to ﬁt the data but eventually 
also to extrapolate, we have to maintain the correct shape of the 
ﬁt function (see (2)).
To deal with logarithmic terms at orders α2(Zα)7m and 
α2(Zα)8m, a calculation of some and an estimation of others is 
necessary. We present the summary of the leading logarithmic 
terms at each order in Zα in Table 4. The coeﬃcients B84 and 
B93 are calculated in this letter using techniques developed in [17,
26,27].
To estimate the subleading terms we use several approaches. 
As for an ‘estimation’ we understand a constraint with a relatively 
large uncertainty such as in (9), which allows us to obtain more 
than one estimate for each subleading coeﬃcient. Ultimately, we 
choose the most conservative constraint for the coeﬃcients. The 
summary of our estimations is given in Table 5.
The coeﬃcients can be used for both for a low-Zα expansion 
and ﬁts. We have to explain how we used the constraints for the 
ﬁts. We consider the constraints as additional data and include 
their deviation from the related central values, measured in the 
units of their uncertainties, into the ﬁnal χ2 we have to minimize. 
That is, e.g., similar to a treatment applied in [2] for the various 
not very precise theoretical corrections. Such a ﬁtting procedure 
allows one to easily combine theoretical constraints with the ex-
isting ‘true’ data.
Often, for the higher-order terms, it is possible to estimate the 
magnitude plausibly, but not the sign of a coeﬃcient and therefore 
frequently the central values of estimations are zero. Once B71,70
are estimated, we can ﬁnd the result of the low-Zα expansion of 
GSE60(Z = 1, 2) (see Table 6).
To compare those low-Zα results with the numerical data, we 
need to ﬁt them. We found that by setting B72 = 0, the ﬁt re-
sults for B60 are shifted by 8 − 10 from the value B60 of (9). That 
would put the ﬁt and that value of B60 in disagreement and would 
not allow a combined ﬁt. All the previously used ﬁts have ignored Table 6
Higher-order two-loop pure self-energy contribution to the 1s Lamb shift in hydro-
gen and the helium ion. The combined ﬁt includes the numerical data from [10] and 
the value of B60 from [9], and less accurate numerical results from [25].
Quantity BSE60 G
SE
60(Z = 1) GSE60(Z = 2)
Low-Zα expansion −61.6(9.2) −66.8(9.6) −69.6(10.5)
Fit over data from [10] −90(12) −94(10) −95(9)
Combined ﬁt −72.4(7.2) −79.6(6.0) −83.3(5.2)
Fig. 3. An example diagram for the three-loop contribution to the Lamb shift.
the double-logarithmic B72 term. Consequently, the ﬁts found in 
the literature use an unrealistic shape with no estimation of sys-
tematic effects (see, e.g., [10]). Consequently, a comparison with 
the previously performed ﬁts is meaningless. We have performed a 
ﬁtting of the numerical data [10] ourselves, using realistic approx-
imation functions. We present the result in Table 6 including the 
results of the combined ﬁt, i.e., a ﬁt which includes the low-Zα
constraints and numerical data from [10]. We consider a differ-
ence between the low-Z value and the ﬁt over the numerical data, 
which is somewhat below 2 σ as a fair agreement which validates 
the use of a combined ﬁt.
The summary for the calculation of the two-loop contributions 
in the external ﬁeld approximation is given in Table 1.
5. Next-to-leading three-loop contributions
The three-loop theory is more complicated and less advanced 
than the two-loop one. Only its leading term to the Lamb shift 
(order α3(Zα)4m, coeﬃcient C40) is known [28–30]. The next-
to-leading one (order α3(Zα)5m, C50) has been calculated only 
partially [31] and boldly estimated in [2]. After improvement of 
the accuracy of B60 above, C50 [2] becomes the largest source of 
the QED uncertainty for the 1s Lamb shift in hydrogen.
The α3(Zα)5m contribution can be represented as a set of two-
photon exchange diagrams (see Fig. 3). The related expression may 






T (q2) , (11)
where T (q2) is a radiative correction to the skeleton-diagram in-
tegral, which is related to a virtual forward Compton scattering 
amplitude.
The calculation of the radiative factor T (q2) is very compli-
cated. Here, we calculate its asymptotics at high and low q and 
estimate the total integral, by integrating those asymptotic expres-
sions. As mentioned previously, a part of the contributions, i.e., the 
diagrams with closed electron loops in free-loop approximation ex-
cept for graphs with the two-loop pure self-energy with one elec-
tron vacuum-polarization insertion, have already been considered 
in [31]. Here we estimate the unknown diagrams by integrating 
the asymptotics of the related integrand. The complete three-loop 
result is
C total50 (ns) = −3.3(10.5) . (12)
436 S.G. Karshenboim et al. / Physics Letters B 795 (2019) 432–437Table 7
The most uncertain contributions to the 1s Lamb shift in hydrogen, deuterium and 
the helium ions. RR16 stands for the α(Zα)6m2/M radiative-recoil contribution, 
which is known only in the leading logarithmic approximation (see (14)).
Contribution, kHz Gtot60 C
tot
50 RR16
Contribution for H −9.5(0.7) −0.11(34) 1.5(1.0)
Contribution for D −9.5(0.7) −0.11(34) 0.76(0.49)
Contribution for 3He+ −625(37) −3.4(10.8) 23(18)
Contribution for 4He+ −625(37) −3.4(10.8) 18(14)
To verify our method, we have also found the contributions 
of order α(Zα)5m and α2(Zα)5m. Our estimation is in a perfect 
agreement with known results [6,32]. In each case of interest (one 
loop, two loops, three loops) the asymptotics of T (q2) are of the 
same sign for high and low q. That is an important requirement 
for a reliable estimation of the integral through the asymptotics of 
the integrand.
The present situation with the three-loop contributions is sum-
marized in Table 2. The C50 uncertainty is reduced by a factor of 3. 
This makes the C50 uncertainty comparable with the CODATA’s C63
one in [2]. Fortunately, the latter was eliminated in [17], where it 
was found that
C63 = 0 ,
C62  −0.36 . (13)
6. Summary and conclusions
The summary on the theoretical accuracy of the 1s Lamb shift 
calculation for light hydrogen-like atoms with Z = 1, 2 is presented 
in Table 7. The uncertainty from the external-ﬁeld contributions, 
considered in this paper, is due to α8m terms and consists of two 
sources, one is two-loop’s G60 and the other is three-loop’s C50. A 
comparison with the existing calculations of other authors is given 
in the introduction, in Tables 1 and 2 in terms of the related coef-
ﬁcients and absolute values of the contributions for hydrogen. As 
one can see from there both two-loop and three-loop uncertainties 
are reduced approximately by factor of three.
The dominant contribution to the uncertainty budget for hydro-
gen currently comes from the radiative-recoil contribution of order 












The uncertainty in Table 7 comes from an estimation of subleading 
terms. For its estimation we use here the approach with π ’s and 
combinatoric coeﬃcients, as explained above, and the uncertainty 
is somewhat above 50% (cf. [2]). The key uncertainty sources in [2]
have also included pure recoil corrections, but their uncertainty (of 
about 0.7 kHz for H) has recently been eliminated [35] by a direct 
calculation of the recoil corrections for Z = 1, 2.
Concluding, we have revisited the theory of the α8m contribu-
tions to the Lamb shift of the 1s state in hydrogen and deuterium 
atoms and helium ions. We completed the calculation of the log-
arithmic terms, considered a controversy in the non-logarithmic 
two-loop contribution and improved its accuracy by approximately 
a factor of three, and obtained a complete approximate result for 
the three-loop terms, which is more reliable and three times more 
accurate than a previous bold estimation.
The most accurate experimental results are available for the 
1s − 2s transition in hydrogen and deuterium [14,36]. Experimen-
tal efforts to measure the 1s − 2s transition in the helium ion are underway [12,13]. Since the weight of the individual contribu-
tions to the theoretical uncertainty budget varies substantially (see 
Table 7), combining the hydrogen and helium-ion experimental re-
sults would be beneﬁcial not only for hydrogen and helium-ion 
spectroscopy but also for various applications including precision 
tests of bound-state QED, determination of the Rydberg constant, 
and constraints on new light neutral particles.
A complete and detailed derivation, covering the technical side 
of the computations of our new results presented in this letter, is 
under preparation and will be published elsewhere.
7. Note added in proof
After our paper was completed, we have learned about [37], 
which covers a broad range of the issues related to the Lamb shift 
in hydrogen and some other atoms. Concerning the two-loop and 
three-loop α8m terms, discussed here, the consideration in [37] is 
somewhat different from [2]. In particular, their ﬁt for the two-
loop contributions includes B72 recently obtained in [17]. The dia-
grams with vacuum polarization loops in free-loop approximation 
and the diagrams with closed electron loops beyond the free-loop 
approximation are considered there separately from the pure self-
energy (cf. [24]), the same way as we consider them here.
Reference [37] describes the ﬁt for Gpure SE60 (Z) in few details 
only. It has a non-physical shape, i.e., comparing with the known 
shape of the true two-loop function (4) many logarithmic terms 
are omitted, and the systematic error is not estimated. The accu-
racy is worse than the accuracy of the estimation (9) for Bpure SE60 , 
which means that the ﬁt was performed rather for the difference 
Gpure SE60 − Bpure SE60 , than used Bpure SE60 as a free parameter and the 
result in (9) as a data point for Gpure SE60 (Z = 0) (as it is done in our 
paper). The uncertainty of the diagrams with closed loops beyond 
the free-loop approximation is based in [37] on a partial result for 
BLbL61 from [8], while the complete result for B
LbL
61 found here is 
more than twice larger. As for the three-loop contributions a mi-
nor improvement in [37] was due to use the results on C63 and 
C62 from [17], which are not essential unless the accuracy of con-
straint on C50 is improved ﬁrst.
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